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We theoretically search for dynamical cross-correlated responses of three-dimensional topological supercon-
ductors and superfluids. It has been suggested that a gravitational topological term, which is analogous to the
theta term in topological insulators, can be derived in three-dimensional time-reversal invariant topological su-
perconductors and superfluids, and that the dynamical gravitational axion field can be realized by the fluctuation
of the relative phase, i.e., by the Leggett mode between topological p-wave pairing and conventional s-wave
pairing. In the presence of the dynamical gravitational axion field, we propose the emergence of the “chiral
gravitomagnetic effect”, a thermal current generation by gravitomagnetic fields, i.e., by mechanical rotations.
This effect can be regarded as a thermal counterpart of the chiral magnetic effect which has been studied mainly
in Weyl semimetals. We also show the occurrence of the anomalous thermal Hall effect in the bulk. We discuss
a possible application of our study to the thermal responses of Weyl superconductors.
PACS numbers: 74.25.F-, 74.90.+n, 03.75.Kk
I. INTRODUCTION
Search for novel phases and phenomena is one of the fun-
damental research themes in condensed matter physics. Re-
cently, topological phases of matter such as topological in-
sulators and superconductors have attracted great attention as
novel phases [1–3]. The low-energy effective models for these
topological phases can be described by relativistic fermions,
i.e., Dirac or Majorana fermions [1–3]. Novel phenomena
emerging from the existence of relativistic fermions have been
intensively and extensively searched for. In the presence of
bulk energy gaps, topological phases are classified and distin-
guished from topologically trivial phases by the topological
invariants [4–9]. They can also be characterized by their re-
sponses to external fields described by the topological field
theory [10], which is employed in this paper.
In three-dimensional (3D) time-reversal invariant topologi-
cal insulators, their responses to external fields are described
by the so-called theta term [10]
S θ =
e2
4pi2~c
∫
dtd3rθE ·B, (1)
where θ = pi (mod 2pi), E and B are an electric field and
a magnetic field, respectively. From this action, we ob-
tain the (quantized) magnetoelectric responses expressed by
P = θe2/(4pi2~c)B and M = θe2/(4pi2~c)E, with P the
electric polarization and M the magnetization. While θ = pi
in the presence of time-reversal symmetry, it is known that
the value of θ can be arbitrary in systems with broken time-
reversal symmetry [11, 12]. Furthermore, it can be said that
the dynamical axion field is realized when θ is expressed as
a function of space and time, θ(r, t) [13]. Note that the ax-
ion field can be realized in gapless topological phases such as
Weyl semimetals [14, 15]. Some interesting phenomena aris-
ing from the existence of the dynamical axion field have been
predicted [13–22].
On the other hand, in topological superconductors, their
topological nature is captured only by thermal responses [23–
25], since charge and spin are not conserved. It has been
heuristically suggested that, in 3D time-reversal invariant
(class DIII) topological superconductors and superfluids with
topological invariant N [8, 9], their responses to external fields
are described by the following internal energy term analogous
to the theta term [26–28]
Ugθ =
k2BT
2
0
24~v
∫
d3rθgEg ·Bg, (2)
where θg = Npi, T0 is the uniform (unperturbed) temperature
of the system, and v is the Fermi velocity of surface Majorana
fermions. Eg and Bg are a gravitoelectric field and a grav-
itomagnetic field, respectively. As will be explained below,
Eg (Bg) corresponds to a temperature gradient (angular ve-
locity vector). Note that the Lorentz invariance is imposed in
the derivation of this term by Nomura et al. [26]. From this
term, we obtain the cross-correlated responses expressed by
Pg = θgk2BT
2
0/(24~v)Bg and Mg = θgk
2
BT
2
0/(24~v)Eg, with
Pg the energy polarization andMg the energy magnetization.
As in the case of insulators, the value of θg can be arbitrary in
systems with broken time-reversal symmetry, and the realiza-
tion of the dynamical axion field θg(r, t) has been suggested
[29, 30]. Then what happens when the dynamical axion field
is realized in superconductors? This work is motivated by this
question.
In this paper, we search for dynamical cross-correlated re-
sponses of 3D topological superconductors and superfluids
arising from the existence of the dynamical axion field. First
we derive a general expression for a bulk thermal current in
the presence of a temperature gradient and a mechanical rota-
tion (angular velocity). We show that, in contrast to conven-
tional thermal transport where thermal currents are induced
by temperature gradients, a thermal current can be generated
by mechanical rotations. We also show that a thermal current
can be generated perpendicular to thermal gradients. We make
a comparison of the cases of superconductors and insulators.
Then we consider a p-wave topological superconductor with
imaginary s-wave pairing fluctuation as a concrete model, fo-
cusing on the thermal current generation by mechanical rota-
tions. Finally, we discuss a possible application of our study
to the case of 3D point-nodal superconductors such as Weyl
superconductors.
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2II. DYNAMICAL CROSS-CORRELATED RESPONSES
Let us start with introducing a gravitoelectromagnetic po-
tential Aµg = (φg, A1g, A
2
g, A
3
g). In terms of a gravitoelectromag-
netic potential, the gravitoelectric and gravitomagnetic fields
are given explicitly by [31]
Eg = −∇φg − (1/v)∂Ag/∂t, Bg = ∇ ×Ag, (3)
where v is the Fermi velocity of a system. The gravitational
potential φg satisfies ∇φg = ∇T/T [32]. Hence, the gravi-
toelectric field Eg can be understood as a temperature gradi-
ent. On the other hand, for example, in a system rotating with
the angular velocity Ω around the z axis, Ag = (A1g, A
2
g, A
3
g)
can be expressed as Ag = (1/v)Ωez × r [33, 34], which
gives Bg = (2/v)Ωez. Therefore, the gravitomagnetic field
Bg can be understood as an angular velocity vector. In Ref.
26, a gravitomagnetic field Bg was introduced as a quantity
which is conjugate to energy magnetization (momentum of
energy current)Mg in the free energy of a system. In Lorentz-
invariant systems, we have Mg = (v/2)L with L being angu-
lar momentum. ThenBg can be understood as the angular ve-
locity vector of a rotating system, which leads toBg = (2/v)Ω
[26, 34]. Here note that, on the other hand, the gravitomag-
netic field can also be expressed in terms of a torsion (at least
in systems without Lorentz invariance) [35–37]. In this for-
malism, the gravitomagnetic field and the mechanical rotation
do not coincide. Hence, the notation Bg = (2/v)Ω should be
further examined in the future studies.
In general, Eg and Bg can depend on time [31, 38]. Fur-
thermore, as will be discussed below, the fluctuation of θg in
a p + is-wave superconductor can be written as a function of
the relative phase between the two superconducting gaps. The
fluctuation of a relative phase is known as the Leggett mode
and can depend on time. Therefore, it would be appropriate to
consider the action of the form [30]
S gθ =
k2BT
2
0
24~v
∫
dtd3rθg(r, t)Eg ·Bg (4)
for non-quantized (and dynamical) values of θg, instead of the
internal energy Uθg. In this paper we call θg(r, t) the dynamical
gravitational axion field.
Now we focus on Lorentz-invariant condensed matter sys-
tems where the low-energy effective model is described by rel-
ativistic fermions, i.e., Dirac or Majorana fermions. We intro-
duce a coordinate xµ = (vt, x, y, z) with v being the Fermi ve-
locity. Here note that, as long as we focus on Lorentz-invariant
condensed matter systems, the Fermi velocities of the bulk
and surface states are the same in the magnitude [39, 40]. In
the presence of a weak gravitoelectromagnetic potential Aµg,
the metric tensor gµν with ds2 = gµνdxµdxν is written up to
linear order in Aµg as [31, 41]
gµν =

1 + 2φg A1g A
2
g A
3
g
A1g −1 + 2φg 0 0
A2g 0 −1 + 2φg 0
A3g 0 0 −1 + 2φg
 . (5)
The metric is divided into the flat and curved spacetime:
gµν = ηµν + hµν (6)
with ηµν = diag(+1,−1,−1,−1) and hµν  1. All the sub-
scripts and superscripts in this paper are raised and lowered
by ηµν and ηµν, respectively. Note that gµν = ηµν − hµν
(hµν = ηµαηνβhαβ) due to the identity gµνgνρ = δµρ.
The energy-momentum tensor T µν of a Lorentz-invariant
system is obtained from the variation of the action with respect
to the metric tensor. In systems whose effective action is given
by Eq. (4), we have
T µν =
2√−g
δS gθ
δgµν
, (7)
where
√−g = √−det(g) ' 1 + h/2 with h = hµµ. The energy
current density jaE (a = 1, 2, 3) is given by j
a
E = vT
0a. After a
straightforward calculation from Eq. (4), we obtain
δS gθ
δAag
=
k2BT
2
0
24~v
[
1
v
θ˙g(r, t)Bag + (∇θg(r, t) ×Eg)a
]
, (8)
where θ˙g = ∂θg(r, t)/∂t. The thermal current jT is given by
jT = jE − (µ/e)j with j an electric current and µ the quasipar-
ticle chemical potential. In superconductors described by the
Bogoliubov-de Gennes Hamiltonian, µ = 0 is always satisfied
due to particle-hole symmetry, which lead to jT = jE . Finally,
we obtain a general expression for the thermal current in the
bulk
jT (r, t) =
k2BT
2
0
12~v
[
θ˙g(r, t)Bg + v∇θg(r, t) ×Eg
]
, (9)
where we have neglected theO(h2) terms, sinceBg andEg are
both O(hµν) and we have considered the case of hµν  1. Note
that this thermal current does not flow when θg takes constant
values, i.e., when θ˙g = ∇θg = 0. In other words, the generation
of the thermal current (9) is a consequence of the realization
of the dynamical gravitational axion field θg(r, t). The first
term in the bracket indicates that a thermal current is induced
in the bulk of a 3D superconductor by gravitomagnetic fields,
i.e., by mechanical rotations. We call this effect the chiral
gravitomagnetic effect [42]. The second term in the bracket
indicates that a thermal current is induced in the bulk by grav-
itoelectric fields, i.e., by temperature gradients. This current
is perpendicular to temperature gradients, and thus this is the
anomalous thermal Hall effect, where “anomalous” means the
absence of magnetic fields.
We note that the chiral gravitomagnetic effect and the
anomalous thermal Hall effect we have derived so far can be
understood as a “polarization current” in the bulk and a “mag-
netization current” in the bulk [43], respectively, which are
obtained from the internal energy (2). Namely, they can be
obtained from ∂Pg/∂t = k2BT
2
0/(24~v)θ˙gBg and v∇ ×Mg =
k2BT
2
0/(24~)∇θg ×Eg, apart from the factor 2.
Here let us consider a similarity between the cases of super-
conductors and insulators (or semimetals). In 3D insulators
(or semimetals), it is known that an electric current is derived
3TABLE I. Comparison of dynamical cross-correlated responses of insulators and superconductors. In 3D insulators (or semimetals) whose
effective action is given by S θ, the chiral magnetic effect, an electric current generation by magnetic fields, and the anomalous Hall effect arise
in the bulk due to the presence of the dynamical axion field θ(r, t) [see Eq. (10)]. In 3D superconductors (or superfluids) whose effective action
is given by S gθ , the chiral gravitomagnetic effect, a thermal current generation by gravitomagnetic fields, i.e, by mechanical rotations, and the
anomalous thermal Hall effect arise in the bulk due to the presence of the dynamical gravitational axion field θg(r, t) [see Eq. (9)].
Effective action Magnetic field B (Gravitomagnetic field Bg) Electric field E (Gravitoelectric field Eg)
S θ = e
2
4pi2~c
∫
dtd3rθE ·B Chiral magnetic effect j ∝ θ˙B Anomalous Hall effect j ∝ ∇θ ×E
S gθ =
k2BT
2
0
24~v
∫
dtd3rθgEg ·Bg Chiral gravitomagnetic effect jT ∝ θ˙gBg Anomalous thermal Hall effect jT ∝ ∇θg ×Eg
from the theta term (1) as ja = δS θ/δAa (Aa is the spatial
component of an electromagnetic potential) [14, 15, 18, 22]:
j(r, t) =
e2
4pi2~c
[
θ˙(r, t)B + ∇θ(r, t) ×E
]
. (10)
The magnetic-field-induced term is the so-called chiral mag-
netic effect [44], and the electric-field-induced term is the
anomalous Hall effect. These two effects occur as a conse-
quence of the chiral anomaly and the realization of the dy-
namical axion field θ(r, t). The electric current of the form
(10) has been studied in Weyl semimetals [14, 17–21] and an-
tiferromagnetic insulators with spin-orbit coupling [22]. From
Eqs. (9) and (10), we see that there is an analogy such that
θ˙g(r, t)Bg ↔ θ˙(r, t)B,
∇θg(r, t) ×Eg ↔ ∇θ(r, t) ×E. (11)
Table I shows a comparison of dynamical cross-correlated re-
sponses of insulators and those of superconductors.
A. Chiral Gravitomagnetic Effect
To see the emergence of the chiral gravitomagnetic effect
[the first term in Eq. (9)], let us consider a concrete model
for a 3D topological superconductor (or superfluid). In time-
reversal invariant 3D topological superconductors with topo-
logical invariant N, θg in Eq. (2) takes quantized value Npi.
To induce the deviation of θg from the quantized value, time-
reversal symmetry of the bulk needs to be broken, as in the
case of insulators. It has been shown that the imaginary s-
wave pairing fluctuation in class DIII topological supercon-
ductors such as the 3He-B phase leads to the deviation of
the value of θg from pi [29, 30]. Here such an imaginary s-
wave pairing order corresponds to the chiral symmetry break-
ing term (which also breaks time-reversal symmetry) Γ = ΘΞ,
with Θ and Ξ being the time-reversal and particle-hole oper-
ators, respectively [24, 27, 30]. Thus the resulting supercon-
ducting state belongs to the class D [8, 9, 45]. Furthermore, in
class DIII (p-wave) topological superconductors with imag-
inary s-wave fluctuation, the dynamical gravitational axion
field δθg(r, t) can be realized by the relative phase fluctuation,
i.e., the Leggett mode [29, 30].
The Bogoliubov-de Gennes Hamiltonian we consider is
given by H =
∑
k Ψ
†
k
HBdG(k)Ψk, where
HBdG(k) =
[
ξk i∆Ims + (∆p/kF)k · σ
−i∆Ims + (∆p/kF)k · σ −ξk
]
(12)
and Ψ†
k
= (c†
k↑, c
†
k↓, c−k↓,−c−k↑) is a Nambu spinor. Here kF
is the Fermi wave number, ξk = k
2
2m − µ with µ the chemical
potential, ∆Ims and ∆p are the imaginary s-wave and p-wave
pairing amplitudes, respectively, and σ = (σ1, σ2, σ3) are the
Pauli matrices for the spin space. Defining 4 × 4 matrices
αµ that satisfy the Clifford algebra {αµ, αν} = 2δµν with α5 =
α1α2α3α4, Eq. (12) can be rewritten as
HBdG(k) = (∆p/kF)k ·α + ξkα4 + ∆Ims α5. (13)
Clearly this is a massive Dirac Hamiltonian with the mass
term ∆Ims α5 which breaks time-reversal and inversion symme-
tries. When µ > 0 (µ < 0) with ∆Ims = 0, the system is topo-
logically nontrivial (trivial) [8, 46]. As mentioned above, the
imaginary s-wave pairing results in the non-quantized value
of θg such that θg = pi+ tan−1(∆Ims /µ) [29]. This is because the
imaginary s-wave pairing is exactly the same as the γ5 (or α5
here) matrix. As in the case of insulators [13, 47], the γ5 ma-
trix generates the deviation of θg from pi. When we take into
account the superconducting fluctuations ∆Ims = |∆Ims |eiθs(r,t)
and ∆p = |∆p|eiθp(r,t), the relative phase fluctuation θr(r, t) ≡
θs(r, t)−θt(r, t), i.e., the Leggett mode gives rise to the dynam-
ical gravitational axion field, as δθg(r, t) ∝ δθr(r, t) [29, 30].
The Leggett modes can be excited by electric fields (i.e.,
light) through the coupling of photons and the charge density
[48, 49]. Here let us consider a case where the resonance state,
i.e., the uniform (q = 0) Leggett mode is realized. In this case,
the relative phase fluctuation can be written as
θr(t) = θ0r + δθL sin(ωLt + α), (14)
where θ0r is the mean-field value, δθL(∼ 0.01pi) is the ampli-
tude of the fluctuation [50], ωL is the resonance frequency,
and α is a constant. Combining the first term in Eq. (9) and
Eq. (14), we obtain an explicit expression for the chiral grav-
itomagnetic effect
jT (t) =
k2BT
2
0
6~v2
DδθLωLΩ cos(ωLt + α), (15)
4FIG. 1. (Color online) Schematic figure of the chiral gravitomag-
netic effect in 3D class DIII topological superconductors and super-
fluids with imaginary s-wave pairing fluctuation. Irradiation of light
excites the Leggett mode, which gives rise to the dynamical gravita-
tional axion field θg(t). In the presence of the dynamical gravitational
axion field, an alternating thermal current jT (t) is induced by a static
gravitomagnetic fieldBg, i.e., by a mechanical rotation with constant
frequency Ω.
where we have used Bg = (2/v)Ω with Ω being an angular
velocity vector, and δθg = Dδθr with D ∼ 1 [30]. This equa-
tion indicates that an alternating thermal current is induced
by mechanical rotations, when the Leggett mode is excited.
Figure 1 shows a schematic diagram to realize the chiral grav-
itomagnetic effect in our system.
Here let us estimate the maximum value of the chiral grav-
itomagnetic effect: |jT |max = k
2
BT
2
0
6~v2 DδθLωLΩ. Theoretically,
CuxBi2Se3 can be a class DIII topological superconductor
[51]. On the other hand, recent experiments on CuxBi2Se3
have suggested two scenarios: it is a topological superconduc-
tor [52–54] or a conventional s-wave superconductor [55, 56].
These experimental results may indicate a possible competi-
tion between triplet and singlet pairings. The gravitational ax-
ion mass gap ~ωL should be smaller than the superconducting
gap. From an experimental value of the superconducting gap
in CuxBi2Se3 (∆ ∼ 0.7 meV at T0 = 0 K) [57], we assume
~ωL ∼ 0.1 meV (or ωL ∼ 100 GHz). Also, we use experimen-
tal values of CuxBi2Se3 such that T0 ∼ 3 K and v ∼ 5×105 m/s
[52, 58]. Furthermore, from the condition Aig  1, we assume
Ω ∼ 104 Hz. Substituting these possible values, we obtain
|jT |max ∼ 1× 10−9 W/m2. It would be possible to observe this
value experimentally.
B. Anomalous Thermal Hall Effect
Next we consider briefly the realization of the anomalous
thermal Hall effect [the second term in Eq. (9)] in the bulk
of a p + is superconductor described by Eq. (12). Let us
suppose a case where a gravitoelectric field Eg = −ey∂yT/T
is applied, and there is a spatial variation (domain wall) of
the relative phase θr(r) in the z direction such that θr(z =
0) = θ0r and θr(z = L) = θ
0
r + η. Then we obtain j
x
T (z) =
k2BT0
12~ D (∂zθr(z)) ∂yT . The total thermal current in the x direc-
tion is given by
JxT =
∫ L
0
dz jxT (z) =
k2BT0
12~
Dη∂yT. (16)
The thermal Hall conductivity λxy =
k2BT0
12~ Dη can be written
in terms of the quantized thermal Hall conductivity of surface
Majorana fermions κxy =
pik2BT0
24~ [23–27] as λxy =
2Dη
pi
κxy. Since
D ∼ 1 and η ∼ pi, we get λxy ∼ κxy. Experimental observa-
tion of this thermal Hall effect seems, however, to be difficult.
The problem is that the realization of the spatial variation of
the relative phase θr(r) is not easy. In the case of single su-
perconducting gap systems, we can use a Josephson junction.
However, spatial control of the relative phase between two su-
perconducting gaps would be difficult.
III. DISCUSSIONS
So far we have considered the dynamical realization of the
chiral gravitomagnetic effect. Is it possible to realize the chi-
ral gravitomagnetic effect without collective excitations by
external forces such as the Leggett mode? Based on the
analogy with Weyl semimetals, let us consider this possi-
bility. In the case of Weyl semimetals, θ(r, t) is given by
θ(r, t) = 2(b · r − b0t), where b is the distance between the
two Weyl nodes in momentum space and b0 is the chemical
potential difference between the nodes [14, 17–19]. Then we
obtain the electric current as jWSM = − e22pi2~cb0B+ e
2
2pi2~cb×E,
which means that the current can be induced in the ground
states. Hence the induced current jWSM can be regarded as a
static response. A naive presumption may allow us to expect
that in a 3D point-nodal superconductor θg(r, t) takes the form
θg(r, t) = 2(bg · r − bg0t), (17)
where bg is the distance between the two point nodes in the su-
perconducting gap in momentum space, and bg0 is the chemi-
cal potential difference between the nodes. If this is true, then
we obtain the induced thermal current as
jT = −
k2BT
2
0
6~v
bg0Bg +
k2BT
2
0
6~
bg ×Eg. (18)
Note that, although we could consider at least theoretically the
case of nonzero bg0, it will be impossible that values of bg0
become nonzero in realistic systems, as in the case of Weyl
semimetals. Here let us consider a possible application to the
case of 3D Weyl superconductors [59]. A recent study have
suggested that, in 3D superconductors with two Weyl nodes in
the kz axis, the anomalous thermal Hall conductivity is given
by [60]
κxy =
pik2BT0
6~
C(kz)
∆kz
2pi
, (19)
where C(kz) is the Chern number with kz fixed between the
Weyl nodes, and ∆kz is the distance between the Weyl nodes
in momentum space. We can reproduce Eq. (19) by setting
5bg =
1
2C(kz)∆kzez and Eg = −ey∂yT/T in Eq. (18). However,
further studies are needed to verify the applicability of our
prediction (17) to Weyl superconductors.
We would like to comment on the relation of the chiral grav-
itomagnetic effect in our study with the “chiral vortical effect”
[61–63]. The chiral vortical effect is commonly referred to
as an electric current generation by vorticity (i.e., rotation) in
gapless fermion systems. In a broad sense, the chiral vorti-
cal effect includes an energy current generation by vorticity
[42, 64]. Such an energy current generation has been dis-
cussed in Weyl semimetals [65]. The chiral vortical effect has
contributions from the chiral anomaly and the gravitational
anomaly. It should be noted that the contribution from the
gravitational anomaly have a T 2 dependence (T is a temper-
ature) [63, 64]. On the other hand, the thermal current (9)
comes only from the gravitational topological term (2). In ad-
dition, the relation between the gravitational topological term
(2) and the gravitational anomaly is unclear at present. There-
fore, based on the comparison of Eqs. (9) and (10), we call a
thermal current generation by mechanical rotations the chiral
gravitomagnetic effect.
IV. SUMMARY
In summary, we have derived dynamical cross-correlated
responses of 3D topological superconductors and superfluids
from a gravitational topological term analogous to the theta
term. We have proposed the emergence of the “chiral gravito-
magnetic effect”, a thermal current generation by gravitomag-
netic fields, i.e., by mechanical rotations. This effect is in con-
trast to conventional thermal transport where thermal currents
are induced by temperature gradients, and can be regarded as
a thermal counterpart of the chiral magnetic effect. We have
shown that, in class DIII topological superconductors with
imaginary s-wave pairing fluctuation, the chiral gravitomag-
netic effect can be realized dynamically due to the presence
of the time dependences of the relative phase, i.e., the Leggett
mode. We have also shown the occurrence of the anomalous
thermal Hall effect in the bulk due to the presence of the spa-
tial variations of the relative phase. We have briefly discussed
a possible application of our study to the thermal responses
of 3D point-nodal superconductors such as Weyl supercon-
ductors. These two phenomena arise as a consequence of the
realization of the dynamical gravitational axion field in con-
densed matter. Finally, we should note that Eq. (2), which is
our starting point, has not yet been derived microscopically as
a bulk quantity, i.e., without referring to the existence of sur-
face states. Microscopic derivation of Eq. (2) is an important
open issue.
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